Abstract. In the present paper, the structure of a finite group G having a nonnormal T.I. subgroup H which is also a Hall π-subgroup is studied. As a generalization of a result due to Gow, we prove that H is a Frobenius complement whenever G is π-separable. This is achieved by obtaining the fact that Hall T.I. subgroups are conjugate in a finite group. We also prove two theorems about normal complements one of which generalizes a classical result of Frobenius.
Introduction
In a group G, a subgroup H is called a T.I. subgroup if H ∩ H x = H or trivial for any x ∈ G. Clearly, any normal subgroup is also a T.I.
subgroup but it is not very interesting beside normality. Hence, most of the time we assume that H is a nonnormal T.I. subgroup.
Throughout the article, we assume that all groups are finite. In one of his celebrated works, Frobenius proved that a self normalizing T.I.
subgroup H of a group G has a normal complement in G by using his theory of induced characters. In that case, H is called a Frobenius complement. Moreover, such groups G are named as Frobenius groups after him and they are well studied.
If a group H acts on a group K by automorphisms with the property that every nonidentity element of H acts on K fixed point freely, the action of H on K is called as Frobenius. In that case, the group KH is a Frobenius group with complement H, and so we also call H as a Frobenius complement if there exists a group on which H has a Frobenius action.
A result due to Burnside is that Sylow subgroups of Frobenius complements are cyclic or generalized quaternion. Notice that Frobenius complements are Hall subgroups of Frobenius groups, and so there are two natural questions to ask:
Assume that H is a Hall subgroup which is also a nonnormal T.I.
subgroup of the group G.
Question A Under what conditions is H a Frobenius complement ?

Question B Under what conditions does H have a normal complement in G ?
In [1] Gow obtained a partial answer to Question A, namely, he proved the following: In the present paper, we obtain an extension of his result to π-separable groups as a more general answer to Question A. We prove the following: Clearly, H is a T.I. subgroup of K and a Hall subgroup of N K (H).
The H-invariant subgroups of K are only N K (H), H and the trivial subgroup where |N K (H)| = 10. Hence, it is easy to see that both (a) and the first part of Theorem 1.2 (b) fail to be true.
We next present an example which shows that the second part of Since N is a simple, α does not have Frobenius action on any chief factor of G, and so the second part of Theorem 1.2 (b) fails to be true.
We also studied the structure of groups having a nonnormal T.I.
subgroup which is also a Hall subgroup, and obtained the following result about the conjugacy of such Hall subgroups. This proposition plays a crucial role in simplifying many proofs, throughout the article. 
After analyzing the structure of groups having a nonnormal T.I. subgroup which is also a Hall subgroup, we present the following theorem as a full answer to Question B by finding a necessary and sufficient condition for Hall T.I. subgroups to have a normal complement. This result appears to be a nice application of Theorem 1.2 and Proposition 1.5.
Theorem 1.8. Let H be T.I. subgroup of G which is also a Hall subgroup of N G (H). Then H has a normal complement in N G (H) if and only if H has a normal complement in G. Moreover, if H is nonnormal in G and H has a normal complement in N G (H) then H is a Frobenius complement.
The theorem above also generalizes the classical result of Frobenius which asserts that for a Frobenius group G with complement H, the
Notation and terminology are standard as in [2] .
preliminaries
The following well known results about coprime action will be frequently used throughout the paper without further reference.
Theorem 2.1 (Coprime Action ([2], Chapters 3,4)). Let A be a group acting by automorphisms on a group G. Assume that (|A|, |G|) = 1
and A or G is solvable. Then the following hold:
c) For each prime p dividing the order of G, there exists an A-invariant
f ) Whenever any two elements of C G (A) are conjugate in G, they are also conjugate in C G (A).
Next, we state a theorem to give transfer theoretical facts pertaining to the proof of Proposition 1.6. They will also be used without further reference. 
cyclic and p is the smallest prime diving the order of G then
G has a normal p-complement.
c) G has a normal p-complement if and only if P controls the G-fusion
We close this section with a character theoretical result, due to Brauer and Suzuki, to which we appeal in the proof of Theorem 1.8. H has a normal complement in G.
Proofs of the Key Propositions
Proof of Proposition 1.5. Let K be a π-subgroup of G which is not contained in any conjugate of H. Let P ∈ Syl p (K) for a prime p dividing the order of K. It should be noted that Sylow p-subgroups of H are also Sylow p-subgroups of G, and hence there exists x ∈ G such
It is straightforward to see that T is a T.I. subgroup of K. Note that T is nontrivial as P is contained in T . Pick an element n from N K (T ). Then T ≤ H x ∩ H xn and so n normalizes H x . This forces that n ∈ H x , because otherwise the group H x n contains H x properly. It follows that T is a self normalizing T.I.
subgroup of K, and hence T is a Hall subgroup of K.
Let now q be a prime dividing |K:T | and pick Q ∈ Syl q (K). A similar argument as above shows that Q ≤ H y ∩ K for some y ∈ G.
Set S = H y ∩ K. Clearly, the group S is also a self normalizing T.I.
intersection is nontrivial. This forces the equality T = S k which is not possible as q is coprime to the order of T . Thus we have T ∩ S k = 1 for all k ∈ K. As a consequence we get S ⊆ (K − k∈K T k ) ∪ {1}, and
A simple counting argument shows that
and so,
As T and S are both nontrivial, we have |S| = |T | = 2. That is q = 2 as Q ≤ S. Then q also divides the order of T , which is a contradiction.
Thus, K is contained in a conjugate of H, in particular, if K is a Hall
Consequently, we have
Proof of Proposition 1.7. a) Let p a prime dividing the order of C G (A)
and P be an A-invariant Sylow p-subgroup of G. Then C P (A) ∈ Syl p (C P (A)) and P = [P, A] × C P (A) due to the coprimeness. As C P (A) is nontrivial and P is cyclic, we get C P (A) = P . Hence p is coprime to the index of C G (A) in G.
b) It suffices to show that C = C G (A)∩[G, A] = 1. Assume the contrary and let p the smallest prime dividing the order of C. Let P ∈ Syl p (C). c) It is enough to show that K = [G, A] is nilpotent. We can assume that K is nontrivial. Note that A acts on K fixed point freely by b). Let P be an A-invariant Sylow p-subgroup of K for an arbitrary prime p dividing the order of K. Clearly, N K (P ) is also an A-invariant subgroup of K so that N K (P )A acts on P by automorphisms. Since Aut(P ) is abelian, [N K (P ), A] acts trivially on P . As A acts on N K (P ) fixed point freely we get [N K (P ), A] = N K (P ). Then P ≤ Z(N K (P )) and so K is p-nilpotent. Since p is arbitrary, K is nilpotent as claimed.
Some Technical lemmas
In this section, we present four lemmas which will be frequently used in proving the main results. The first one is a generalization of the fact that a self normalizing T.I. subgroup is also a Hall subgroup.
Lemma 4.1. Let H be a T.I. subgroup of a group G. Then H is a Hall subgroup of G if and only if H is a Hall subgroup of N G (H).
Proof. One direction is trivial to show. Let H be a Hall subgroup of N G (H), and let p be a prime dividing both |H| and |G : H|. Pick P ∈ Syl p (H), Q ∈ Syl p (G) such that P < Q, and x ∈ N Q (P ) − P . As
H). This forces that x ∈ H since H is a
Hall subgroup of N G (H). Then P x is a p-subgroup of H containing P properly. This contradiction completes the proof. Proof. By the Frattini argument, N G (P )N = G for any P ∈ Syl p (N).
N|. Then K is coprime to its index in N G (P ). By the existence part of Schur-Zassenhaus theorem, N G (P ) = KU where |U| = |G : N| = |H|.
It follows by Proposition 1.5 that
that is, H normalizes P g −1 as required. 
is contained in X and HN X.
By Proposition 1.5, every complement of N in HN is a conjugate of H. Then Frattini argument implies the equality N X (H)N = X. As
It should be noted that a homomorphic image of a T.I. subgroup need not be T.I. subgroup of the image. Therefore, the following lemma provides a sufficient condition for which image of a T.I. subgroup is also T.I. subgroup. 
Notice that H is a T.I subgroup of G by Lemma 4.5.
Assume that H is not normal in G. Then O π (G) is trivial. On the other hand O π ′ (G) is also trivial, and so G is trivial which is not the case. Thus, H is normal in G. So the lower π-series of G is as follows;
b) Let G be a minimal counterexample to part (b). Note that if H ≤ K < G, we may assume that H K by the minimality of G. 
Notice that for any
Since p is arbitrary, we obtain [H, O π ′ (G)] = 1 which is impossible. Thus, G = P H where
Due to coprimeness, we have [P, H] = 1 which is not the case. Thus [P, H] = P , and hence
Note that H is a T.I. subgroup of G = (P/P ′ )H by Lemma 4.5. It follows that G is a Frobenius group as N G (H) = C P/P ′ (H)H = H, that is, H is a self normalizing T.I. subgroup of G, completing the proof of the first part of (b).
It is almost routine to check that action of H on L/L ′ is Frobenius by using Lemma 4.5. Note that L is normalized by both N G (H) and
and so L is normal in
. Therefore, we observed that any chief factor of G between L and L ′ is a chief factor on which the action of H is Frobenius.
c) Assume that O π ′ (G) is solvable and H does not contain a subgroup isomorphic to a SL(2, 5). As H is a Frobenius complement by part (b),
H ⋊ Q where N G (H) = HQ by part (a). Therefore, it suffices to show that Q is solvable. Note that Q acts faitfully on H as C G (H) ≤ H.
Due to coprimeness, for each p ∈ π, there exists a Q-invariant Sylow psubgroup P of H. Since P is either cyclic or generalized quaternion, the group Q/C Q (P ) is solvable. It follows now that Q ∼ = Q/( p∈π C Q (P ))
is solvable, establishing the claim. 
Hence, x ∈ C O (H) = 1 and (a) follows. 
Clearly N is a group. Proposition 1.7 yields that C H (Q) and [H, Q] have coprime orders, and hence C H (Q) and N have coprime orders.
Then C H (Q) ∩ N = 1. We also observe that C H (Q) normalizes N and C H (Q)N = G as G = OHQ. Hence, N is the desired normal complement for C H (Q) in G.
A Generalization of Frobenius' Theorem
In this section, we first prove Theorem 1.8 which gives a full answer to Question B. We should note that this theorem can be proven by using the idea of Brauer-Suzuki theorem for the character theoretic part, instead we directly appeal to Brauer-Suzuki theorem for character theoretic part. Frobenius Theorem directly follows from this theorem as self normalizing T.I. subgroup naturally satisfies the hypothesis of the theorem.
Proof of Theorem 1.8. It is trivial to show that if H has a normal complement in G then H has a normal complement in N G (H).
Assume now that H has a normal complement Q in N G (H). Then N G (H) = QH and [Q, H] = 1. We claim first that H controls G-fusion in H: Let x and x g be elements of H for nonidentity x ∈ H and for some g ∈ G. Now x ∈ H ∩ H g −1 , and so H = H g −1 as H is a T.I.
subgroup. Thus, g ∈ N G (H), that is, g = sh for s ∈ Q and h ∈ H. It follows that x g = x sh = x h establishing the claim. Note that by Lemma 4.1, H is a Hall π-subgroup of G for the prime set π of H. Then every elementary π-groups is contained in a conjugate of H by Proposition 1.5. Now appealing to Brauer-Suzuki Theorem we see that G has a normal π-complement.
Now assume H has normal complement in N G (H) and N G (H) < G.
By the argument above, G has a normal π-complement. It follows that G is π-separable, and hence H is a Frobenius complement by (b) part of Theorem 1.2.
Corollary 6.1 (Frobenius). Let H be a proper subgroup of G with
is a normal subgroup of G where N is a complement for H in G.
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